Let {µ n } ∞ n=0 be the spectrum of −
Introduction and main result
Consider the operator describing perturbed quantum harmonic oscillator
with the perturbation q(x) from the class B = {q : q ′ ∞ + Q ∞ < ∞}, where Q(x) = x 0 q dt and · ∞ denotes the norm in L ∞ (R). It was proved in [1] that the spectrum {µ n } ∞ n=0 of A has the asymptotics µ n = µ 0 n + µ For the perturbations that are sum of almost-periodic and decaying terms we study the problem of recovering of the almost-periodic part from the first asymptotic correction µ 1 n . Specifically, we consider the perturbations 
Then the spectrum and the Fourier coefficients of the almost-periodic part p can be recovered from the relation
Asymptotic inverse spectral problem for quantum harmonic oscillator with slowly decaying perturbation was considered by Gurarie [3] . He studied the operator (1.1) with real q(x) ∼ |x| −α a m cos ω m x for |x| → ∞, where α > 0 and the sum in the numerator is finite. The approach in [3] is based on the spectral asymptotics
which exhibits linear relation between the leading asymptotic terms of q and µ n . However, the technique of [3] does not cover the case α = 0. We consider just this case in a slightly more general setting (almost-periodic functions vs. finite trigonometric sums). Our method also allows complex-valued q. Technically, the result is based on the recent proof [1] of the spectral asymptotics
Thus the proof of Theorem 1.1 follows from the asymptotic behavior of the integral in (1.5), which is analyzed in Lemmas 2.1 and 2.3.
Properties of the Schlömilch integral
The integral in the spectral asymptotics (1.5) is the Schlömilch integral [4] 
evaluated at the points x n = √ 2n + 1. In the next Lemma we estimate the integral and its derivatives. Then in Lemma 2.3 we prove similar estimates for the inverse Schlömilch integral. (We could not find in the literature the results of these Lemmas for the specific class B.) Using the two Lemmas, we prove Theorem 1.1.
Everywhere below C denotes an absolute constant.
where
Proof (. . .) and choosing the primitive F of f , satisfying F (x(1 − ε)) = 0, we have
Now we substitute the estimate
x and (2.9) into (2.8). This gives the first inequality in (2.7). We prove the second one in a similar way, writing
We integrate by parts in I
We substitute the estimate |I 
and ϕ(t) = ϕ( √ t) the equation on g becomes the Abel
). Using ϕ(T ) = 0, we obtain the required formula for g. Consider (2.12). For x ∈ [T − 1, T ] the inequality follows from the direct estimate |
. For
and integrate I 2 by parts. We have
2/x and (2.15) into (2.14). This gives (2.12), as required.
Next consider (2.13). By g ′ (x) = x(g(x)/x) ′ +g(x)/x and (2.12), it is sufficient to estimate x(g(x)/x) ′ . Using ϕ ′ (T ) = 0, we obtain
and take the integral for I ′ 2 by parts. We have I 
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